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Inertial microfluidics is a promising tool for many lab-on-a-chip applications. Particles in channel flows with Reynolds numbers
above one undergo cross-streamline migration to a discrete set of equilibrium positions in square and rectangular channel cross
sections. This effect has been used extensively for particle sorting and the analysis of particle properties. Using the lattice
Boltzmann method, we determine equilibrium positions in square and rectangular cross sections and classify their types of
stability for different Reynolds numbers, particle sizes, and channel aspect ratios. Our findings thereby help to design microfluidic
channels for particle sorting. Furthermore, we demonstrate how an axial control force, which slows down the particles, shifts the
stable equilibrium position towards the channel center. Ultimately, the particles then stay on the centerline for forces exceeding a
threshold value. This effect is sensitive to particle size and channel Reynolds number and therefore suggests an efficient method
for particle separation. In combination with a hysteretic feedback scheme, we can even increase particle throughput.
1 Introduction
In recent years a number of devices using fluid inertia in mi-
crofluidic setups have been proposed for applications such as
particle steering and sorting or for the whole range of flow cy-
tometric tasks in biomedical applications. They include cell
counting, cell sorting, and mechanical phenotyping1–4. These
devices rely on cross-streamline migration of solute particles
subject to fluid flow where fluid inertia cannot be neglected, as
is commonly done in microfluidics. In this article we demon-
strate how control forces along the channel axis influence iner-
tial cross-streamline migration and how feedback control us-
ing axial forces enhances particle throughput.
Segre´ and Silberberg, who investigated colloidal particles in
circular channels, were the first to attribute cross-streamline
migration to fluid inertia5. They observed that flowing par-
ticles gathered on a circular annulus about halfway between
channel center and wall. This effect is connected to an inertial
lift force in radial direction. It becomes zero right on the annu-
lus which marks degenerate stable equilibrium positions in the
circular cross section. For microfluidic applications channels
with a rectangular cross section are used since they can be
fabricated more easily. The reduced symmetry qualitatively
changes the lift force profile and only a discrete set of equilib-
rium positions remain6. In square channels they are typically
found halfway between the channel center and the centers of
the channel walls7. In numerical studies also migration to po-
sitions on the diagonals are observed8,9. In rectangular chan-
nels the number of equilibrium positions is further reduced to
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two when the aspect ratio strongly deviates from one1,10. The
particles all collect in front of the long channel walls. The
exact equilibrium positions are of special importance, as they
ultimately determine how devices function based on inertial
microfluidics1–3.
Inertial lift forces that drive particles away from the channel
center are caused by the non-zero curvature or parabolic shape
of the Poiseuille flow profile6,11. Only close to the channel
walls, wall-induced lift forces push particle towards the cen-
ter. In channels with rectangular cross section the cuvature of
the flow profile is strongly modified. Along the short main axis
the flow profile remains approximately parabolic, while along
the long main axis it almost assumes the shape of a plug flow
with strongly reduced curvature in the center when the cross
section is strongly elongated12. The large difference in cuva-
ture along the two main axes modifies the lift force profiles in
both directions6. We will investigate them in more detail in
this article.
The method of matched asymptotic expansion allows an an-
alytic treatment of inertia-induced migration and to calculate
lift force profiles13,14. As the method requires the particle ra-
dius to be much smaller than the channel diameter, it is hardly
applicable to microfluidic particle flow, where this assumption
is often violated. Here, numerical approaches provide further
insight. Previous studies in three dimensions used the lattice
Boltzmann method9, the finite element method6, or multi-
particle collision dynamics15.
Using additional control methods such as optical lattices16
or optimal control17 can increase the efficiency of microfluidic
devices. In an attractive experiment Kim and Yoo demonstrate
a method to focus particles to the channel center18. They ap-
ply an electric field along the channel axis to slow down the
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particles relative to the external Poiseuille flow, which induces
a Saffmann force towards the channel center19. The experi-
ments are performed at Reynolds number Re≈ 0.05. We will
take up this idea, and study at moderate Reynolds numbers
how the inertial lift force profile changes under an axial con-
trol force.
A more sophisticated method to operate a system is feeback
control where the control action depends on the current state.
It is widely used in engineering and everyday life20. In mi-
crofluidic systems optical tweezers combined with feedback
control provide a strategy to measure microscopic forces in
polymers and molecular motors21–23. In lab-on-a-chip devices
several strategies are suggested for sorting particles. They
all monitor particle flow directly and use the recorded signal
to implement feedback-controlled optical manipulation24–26.
We will apply a simple form of feedback control to keep par-
ticles in the channel center.
In this paper we use the lattice-Boltzmann method to inves-
tigate several aspects of inertial microfluidics. We study in de-
tail the equilibrium particle positions in microfluidic channels
with square and rectangular cross sections and categorize their
types of stability. In particular, we show how for channels
with sufficiently elongated cross sections, colloidal particles
are constrained to move in a plane. We also show how the in-
ertial lift force profile is manipulated by applying an axial con-
trol force such that the stable equilibrium position gradually
moves to the channel center. The effect strongly depends on
particle size and therefore can be applied for particle sorting.
Finally, using the axial force we implement hysteretic feed-
back control to keep the particle close to the channel center
and demonstrate how this enhances particle throughput com-
pared to the case of constant forcing.
The article is organized as follows. In Sect. 2 we intro-
duce the microfluidic geometry, explain details of the lattice-
Boltzmann implementation, and shortly introduce Langevin
dynamics simulations. Our results on equilibrium positions
and lift-force profiles in square and rectangular channels are
reported in Sect. 3. We demonstrate the influence of axial
control forces on the lift force profile in Sect. 4 and combine
it with feedack control in Sec. 5. We finish with conclusions
in Sect. 6.
2 Methods
In this section we first introduce the microfluidic system we
investigate in the following. We then discuss the lattice Boltz-
mann method, the procedure used to determine the inertial lift
forces, and finally the Langevin dynamics for our feedback-
control scheme.
Fig. 1 A schematic of the microfluidic channel (a) and the xz plane
at y = 0 (b). Further explanations are given in the main text. It is
sufficient to only determine the inertial lift force flift in the red
quadrant due to the symmetry of the rectangular cross section.
2.1 Microfluidic system
We investigate a microfluidic channel with rectangular cross
section of height 2h, width 2w, and length L as illustrated in
Fig. 1. We choose the coordinate system such that the z axis
coincides with the channel axis and the x and y axis define
the horizontal and vertical direction in the cross section, re-
spectively. The channel center corresponds to x = y = 0. The
channel is filled by a Newtonian fluid with density ρ and kine-
matic viscosity ν and a pressure driven Poiseuille flow is ap-
plied12. The maximum flow velocity u0 at the channel center
determines the Reynolds number Re = 2wu0/ν . The imple-
mentation of the Poiseuille flow within the lattice Boltzmann
method will be discussed in the next section.
Inside the channel we place a neutrally buoyant colloid with
radius a. It follows the streamlines of the applied Poiseuille
flow with an axial velocity vz close the external Poiseuille flow
velocity. Due to the fluid inertia the colloidal particle experi-
ences a lateral lift force flift, which leads to cross-streamline
migration. In Sects. 4 and 5 we also apply an additional ax-
ial control force fctl to the colloidal particle. We use periodic
boundary conditions along the axial direction and a channel
length of L = 20a to ensure that the periodic colloidal images
do not interact with each other and thereby do not influence
our results.
2.2 The lattice Boltzmann method
We use the lattice Boltzmann method (LBM) to solve the
Navier-Stokes equations of a Newtonian fluid27,28. LBM em-
ploys an ensemble of point particles that perform alternating
steps of free streaming and collisions. The particles are con-
strained to move on a cubic lattice with lattice spacing ∆x.
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This restricts the particle velocities to a discrete set of vec-
tors ~ci such that after each streaming step with duration ∆t
the new particle positions again lie on the lattice. In LBM
one describes the number of particles at lattice point ~x with
velocity ~ci by the distribution function fi(~x, t). The first two
moments of this distribution function give the hydrodynamic
variables: number density ρ(~x, t) = ∑i fi(~x, t) and velocity
~u(~x, t) = 1ρ ∑i~ci fi(~x, t).
In the collision step the fluid particles at each lattice point
exchange momentum by a local collision rule. Here we em-
ploy the common Bhatnagar-Gross-Krook collision model,
where the velocity distribution function relaxes towards a lo-
cal equilibrium distribution f eqi with a single relaxation time
τ . This results in the post-collision distribution
f ?i (~x, t) = fi(~x)+
1
τ
[
f eqi (~x, t)− fi(~x, t)
]
. (1)
For the local thermal equilibrium distribution we use an ex-
pansion of the local Maxwell-Boltzmann distribution up to
second order in the mean velocity~u, which results in
f eqi = wiρ
(
1+
~ci ·~u
c2s
+
(~ci ·~u)2
2c4s
− |~u|
2
2c2s
)
. (2)
The weights wi ensure that all moments of the equilibrium dis-
tribution up to the third order are correctly reproduced includ-
ing the number density ρ (zeroth order) and the mean velocity
~u at lattice point~x (first order). cs =
√
kBT/m is the speed of
sound27. Note that the collision step locally conserves mass
and momentum.
After collision the fluid particles move to adjacent lattice
positions according to their velocities and the new distribution
functions at time t+∆t become
fi(~x+∆t~ci, t+∆t) = f ?i (~x, t). (3)
Here we use the D3Q19 scheme27, where the velocities con-
nect each lattice point to its nearest and next-nearest neigh-
bors. To simplify the following discussion, in the remainder
of this section we set ∆x = 1 and ∆t = 1 and rescale all quan-
tities accordingly.
Note that on length and time scales much larger than ∆x and
∆t, respectively, one can derive the Navier-Stokes equation by
a Chapman-Enskog expansion using the formulated streaming
and collision steps27. The internal pressure follows an ideal
gas law with p= c2sρ , where cs = 1/
√
3 is the speed of sound,
and the kinematic viscosity is given by ν = c2s (τ−1/2).
To implement the no-slip boundary condition on the chan-
nel walls, we employ the regularized boundary condition in-
troduced by Latt and Chopard29. It treats boundary nodes just
like fluid nodes but modifies the distribution function before
the collision such that the correct velocity is imposed. The
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Fig. 2 Velocity profiles of the Poiseuille flow in the rectangular
channel plotted at x = 0 along the y axis (the long cross sectional
axis) for different aspect ratios w/h. The solid lines show the
analytical form of the profiles12, while the symbols show results of
the LB simulations.
method uses the bounce-back rule for the nonequilibrium dis-
tribution introduced by Zou and He30.
We implement the pressure driven Poiseuille flow by im-
posing a constant body force ~g on the fluid such that the fluid
velocity ~u(~x, t) used to calculate the equilibrium distribution
f eqi is replaced by
31
~u→~u+ τ~g. (4)
We confirm in Fig. 2 that this procedure does indeed reproduce
the analytically known Poiseuille flow profile.
We place a colloid in the Poiseuille flow and study its posi-
tion~r, velocity~v, and angular velocity ~ω . We couple the col-
loid to the fluid using the Inamuro Immersed Boundary (IB)
method32 with “five iterations”. For reference we present a
short summary of our implementation.
The colloid surface is approximated by a triangular mesh
with vertices i at positions ~xmi . To obtain the mesh, we start
from a an icosahedron and successively refine it by splitting
each triangle into four until the edge length is smaller than the
lattice spacing. The positions of the resulting vertices continu-
ously vary in space and hence do not necessarily coincide with
the lattice sites. For clarity we will denote here the lattice sites
by~x j. We couple mesh vertices and lattice sites to each other
using a smoothed delta function δh(~x). We follow Peskin33
and employ δh(~x) = φ(x)φ(x)φ(z) with
φ(x) =

1
8
(
3−2|x|+
√
1+4|x|−4x2
)
0≤ |x| ≤ 1
1
8
(
5−2|x|−
√
7+12|x|−4x2
)
1≤ |x| ≤ 2
0 2≤ |x|
(5)
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and the same form for φ(y) and φ(z). In the IB method one
determines the fluid velocity ~umi at mesh point i by interpolat-
ing the fluid velocity from the lattice sites with the help of the
smoothed delta function,
~umi =∑
j
δh(~xmi −~x j)~u j. (6)
To enforce the no-slip boundary condition at the colloid sur-
face, we introduce the penalty force ~f mi =~u
m
i −~vsi as the dif-
ference between the fluid velocity and the surface velocity
~vsi =~v+~ω× (~xmi −~r) of the colloid at the position~xmi of mesh
vertex i. The penalty force ~f mi acts on the mesh vertex i and, to
conserve momentum, its negative −~f mi acts on the surround-
ing fluid. We interpolate the penalty force on lattice site ~x j
from the neighboring mesh vertices,
~f j =−∑
i
δh(~xmi −~x j)~f mi . (7)
To apply the penalty force to the fluid, we use the same method
as for the body force. We calculate modified fluid velocities
at the mesh points i, which do not obey the no-slip boundary
condition exactly since we interpolate forces and velocities be-
tween the mesh and lattice points. To decrease the slip veloc-
ity further, we therefore refine the penalty force iteratively by
repeating the procedure five times and thereby implement the
no-slip boundary condition in good approximation. Note that
the total penalty force experienced by the fluid and hence by
the colloid is the sum over all iterations.
As just introduced, the fluid interacts with a colloid which
results in a hydrodynamic coupling. We can quantify it by a
force and torque acting on the colloid given by the sum of the
vertex contributions just introduced,
~Ffluid =∑
i
~f mi (8)
~Tfluid =∑
i
(~xmi −~r)×~f mi . (9)
The force and torque contain two contributions. The first one
comes from the fluid particles outside the colloid. The second
contribution resulting from fluid particles inside the colloid is
unphysical. We therefore compensate this contribution using
Feng’s rigid body approximation34 and denote the respective
force and torque by ~FFeng, ~TFeng.
With all force contributions the equations of motion for the
colloid are given by
~r(t+1) =~r(t)+~v(t),
M~v(t+1) = M~v(t)+~Ffluid+~FFeng+~Fctl, (10)
I~ω(t+1) = I~ω(t)+~Tfluid+~TFeng,
where M and I are the respective mass and moment of inertia
of the colloid and ~Fctl is the axial control force which we will
introduce in Sects. 4 and 5.
We use the palabos LB code35 to implement the LB algo-
rithm. We modified the immersed boundary (IB) algorithm to
correctly account for periodic boundary conditions along the
channel axis and implemented the colloid dynamics of Eqs.
(10).
Along the channel width we use a total of 101 lattice sites
including the boundaries. We implement a cubic simulation
grid and choose the number of lattice sites in the other two
directions accordingly. We choose the maximum flow ve-
locity in the channel such that the Mach number satisfies
Ma = umax/cs ≤ 0.1. Finally, we adjust the kinematic vis-
cosity by the the relaxation time τ and thereby fix the desired
Reynolds number Re= umaxw/ν . When τ > 1, we readjust the
Mach number such that τ = 1, as it has been shown that the
accuracy of the combined LBM-IB methods greatly degrades
for relaxation times larger than one36,37.
2.3 Determing inertial lift forces
To determine inertial lift forces from LB simulations, we con-
strain the colloid to a fixed lateral position by simply disre-
garding any colloid motion in the cross-sectional plane. How-
ever, we do do not impose any constraints on the axial and
rotational motion and then determine the steady state in the
LB simulations.
To speed up our simulations, we initialize the system with
the analytical solution of the rectangular Poiseuille flow and
give the colloid an initial axial velocity of vz = 0.8u0, where
u0 is the flow velocity at the channel center. Going through
a transient dynamics, the system relaxes rapidly into a unique
steady state within the first 1000 time steps. We continue the
time-evolution up to the vortex diffusion time T = 0.5w2/ν
and determine the inertial lift force by averaging the colloidal
force ~Ffluid from Eq. (8) over the last 2000 time steps of the
simulation. We demonstrated before15,17 that this procedure
does indeed reproduce correct lift-force profiles.
2.4 Langevin dynamics simulations
As demonstrated below, axial control forces influence the iner-
tial lift-force profiles which we determine in LB simulations.
We then use these profiles in Langevin dynamics simulations
of the colloidal motion to investigate the potential benefit of
feedback control using axial control forces.
We will restrict ourselves to channels with an aspect ration
w/h = 1/3, which ensures that the colloidal dynamics essen-
tially takes place in the xz plane as discussed in Sect. 3.2. As
we will show in Sect. 4, the inertial lift force flift and the ax-
ial velocity vz depend on the applied axial control force fctl.
We also include thermal noise to exploit the stability of the fix
points of colloidal motion under feedback control. Following
our work in17, we only include thermal noise along the lateral
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direction, as the axial velocities are much larger than the lat-
eral ones. Then, the Langevin equations of motion in lateral
and axial directions are given by
ξ
d
dt
x = flift(x, fctl)+η(t), (11)
d
dt
z = vz(x, fctl), (12)
where the white noise force has zero mean, < η(t) >= 0,
and its variance obeys the fluctuation-dissipation theorem,
< η(t)η(t ′)>= 2kBTξδ (t−t ′). We solve the Langevin equa-
tions using the conventional Euler scheme38. The parameters
are chosen for a channel with width 2w = 20µm and temper-
ature T = 300K.
3 Inertial lift forces for different channel ge-
ometries
In channels with circular cross sections, inertial lift forces
drive colloids to a circular annulus with a radius of about half
the channel radius. The axial symmetry is reduced in channels
with square or rectangular cross sections and instead of an an-
nulus particles accumulate at a discrete set of stable equilib-
rium positions7. In addition, the system also shows unstable
equilibrium positions, where the lift force also vanishes but
particles migrate away from them upon a small disturbance.
In the following two sections we investigate the location and
the stability of the equilibrium positions for different particle
sizes, Reynolds numbers, and channel geometries. We dis-
cuss in detail how we can tailor colloidal motion by varying
the aspect ratio of the channel cross section. Due to symme-
try, we can restrict our discussion to the upper right quadrant
shown in Fig. 1. In Fig. 3 we show the forces acting on a
particle with radius a/w = 0.4 and the resulting trajectories at
Reynolds number Re= 10 for different channel cross sections.
We discuss the relevant features first for a channel with square
cross section and then for general rectangular cross sections.
3.1 Square channels
In a channel with square cross section and at Reynolds number
Re = 10, a particle with radius a/w = 0.4 experiences the in-
ertial force profile shown in Fig. 3(a). The gray lines indicate
possible trajectories followed by particles, which are free to
migrate. Stable and unstable equilibrium positions are also in-
dicated. We observe that the migration roughly occurs in two
steps. From the channel center and the channel walls strong
radial forces drive the particle onto an almost circular annulus
at about r ≈ 0.4w. Since the forces are strong, the migration
occurs very rapidly. Then the particle slowly migrates along
the annulus to its equilibrium position, here situated on the
diagonal direction.
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Fig. 3 Inertial lift forces (black arrows) for a colloidal particle with
radius a/w = 0.4 in a pressure driven flow at Re = 10. The forces
are plotted in the upper right quadrant of the microchannel cross
section for aspect ratios h/w = 1 (a), h/w = 2 (b) and h/w = 3 (c).
The gray lines indicate the trajectories of the colloidal particle as it
experiences the lift forces. Lift forces larger than 0.35ρν2 are not
shown, their positions are indicated by squares. Also indicated are
stable and unstable equilibrium positions. With “saddle” we denote
equilibrium positions only unstable along one direction.
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Fig. 4 Equilibrium positions deq (distance from the center) in a
square channel plotted versus colloid radius for different Re.
Equilibrium positions exist along the main axis in x,y directions
(solid lines) and along the diagonal (dashed line). Closed circles
indicate stable equilibrium positions, whereas open circles are
unstable.
Together with the channel center there are in total nine equi-
librium positions or fix points in the channel cross section.
Four of them are indicated in Fig. 4(a). The channel center
is always unstable and particle migrate away from it. There
are four fix points along the diagonal axes and four along the
main axes (x,y directions) of the channel cross section. We
plot their distances from the center versus colloid radius for
several Re in Fig. 4 and also indicate their stability. The fix
points along the diagonals are always positioned further away
from the channel center as there is more space for the parti-
cle. Consistent with previous results6,9,15, we observe how
both types of equilibrium positions move closer towards the
channel center with increasing particle size and decreasing
Reynolds number. Most importantly, small particles at high
Reynolds numbers have their stable equilibrium positions on
the main axes, while larger particles at lower Reynolds num-
ber move to the equilibrium positions on the diagonals. This
is a new result compared to previous treatments6,8,9.
In literature equilibrium positions in square channels have
been reported along the main axes6, along the diagonals for
large deformable drops8 or on both axes9. In contrast to9 we
observe that particles move either to the diagonal equilibrium
positions or to fixpoints on the main axes but the equilibrium
positions are never stable at the same time as illustrated in Fig.
4. It has been demonstrated in spiral channels with trapezoidal
cross section3 that such a sudden change in stability can be
used to efficiently sort particles by size. We note that while
the particle size is fixed by the specific system under investi-
gation, the Reynolds number remains a free parameter and can
be used to tune the stability of the equilibrium positions.
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Fig. 5 Lift force fy along the y-direction at x = 0 plotted versus y
position for Re = 10 and a/w = 0.4. The different colors correspond
to different aspect ratios w/h.
3.2 Rectangular channels
In experiments typically channels with rectangular cross sec-
tions are used since the number of stable equilibrium positions
reduces to two situated on the short main axis6. We observe
the same behavior in the force profiles in Fig. 3 for large col-
loids. While for channels with square cross section a particle
migrates to its stable position on the diagonal [Fig. 3(a)], this
fixpoint vanishes with decreasing aspect ratio w/h and the sta-
ble equilibrium position switches to the short main axis along
the x direction [Fig. 3(b)]. Further decreasing the aspect ra-
tio w/h, the saddle fixpoint on the y axis vanishes completely
and moves to the center at x = y = 0, where it keeps its sta-
bility along the y axis [Fig. 3(c)]. This has the important con-
sequence (already exploited by us17) that the colloid is con-
strained to the xz plane at y = 0 and its dynamics becomes
two-dimensional. In contrast, in the situation of Fig. 3(b) a
particle starting close to the centerline moves out of the y = 0
plane on its way to the stable equilibrium position at x ≈ 0.4.
We now elaborate in more detail on these observations.
We first plot the lift force along the y axis, i.e., at x = 0 for
several aspect ratios w/h in Fig. 5. Due to symmetry, the lift
force always points along the y direction. For the quadratic
cross section, w/h = 1, zero lift forces indicate the unstable
fixpoint in the center (x = y = 0) and the saddle fixpoint at
y≈ 0.42, which is unstable in x direction. As the channel cross
section elongates along the y direction with decreasing w/h,
the lift force driving the particle away from the channel cen-
ter becomes weaker and the saddle fixpoint shifts towards the
channel wall. Below a width w≈ 0.45h, the lift force close to
the center becomes negative and the unstable fixpoint at y = 0
splits into a saddle fixpoint (now stable in y direction) and an
6 | 1–11
0.4 0.6 0.8 1.0 1.2 1.4
w/h
0.6
0.4
0.2
0.0
0.2
0.4
0.6
y e
q
/h
 stable  saddle  unstable
Fig. 6 Equilibrium positions along the y axis plotted versus channel
aspect ratio w/h for Re = 10 and colloid radius a/w = 0.4. The
equilibrium positions are categorized as stable, saddle, and unstable
using also their stability with respect to the x direction. The blue
insets show typical equilibrium positions in the channel cross
section for w/h < 1 (left) and for w/h > 1.33 (right).
additional unstable fixpoint. While we do not show this situa-
tion in Fig. 3, it qualitatively looks the same as in the complete
force profile in Fig. 9(a) for smaller colloids. This is the onset,
where the channel center becomes stable against motion along
the y axis and the colloid is constrained to the xz plane at y= 0.
Further decreasing the aspect ratio w/h, the unstable and sad-
dle fixpoints at y 6= 0 merge and vanish completely. Only the
saddle fixpoint at x = y = 0 remains as illustrated in Fig. 3(c).
Finally, we note that at w/h≈ 0.75 the stable equilibrium po-
sition in the channel cross section switches from the diagonal
to the x axis, which is not observable in Fig. 5.
We summarize the situation in the bifurcation diagram of
Fig. 6, where we plot the equilibrium positions on the y axis
versus the aspect ratio w/h. At sufficiently small w/h only the
saddle fixpoint at y= 0 exists [Fig. 3(c)]. With increasing w/h
a subcritical pitchfork bifurcation occurs. A second fixpoint
appears which splits into the saddle and unstable fixpoint [Fig.
9(a)]. The latter ultimately merges with the fixpoint at y = 0
which becomes unstable [Fig. 3(b)]. This resulting situation is
illustrated in the left inset for the whole cross section and with
the stable fixpoint on the x axis. The stable fixpoint moves
to the diagonal at w/h ≥ 0.75. The regime of the subcriti-
cal pitchfork bifurcation is much more pronounced for smaller
particles as illustrated in the inset of Fig. 7 for a colloid radius
a/w = 0.2. The lift force profiles in this regime (see Fig. 7)
even show that the subcritical transition to a single saddle fix-
point does not occur for small aspect ratios. This might be
due to the fact that below w/h = 0.4 the flow profiles close to
the wall are the same. Coming back to Fig. 6. At w/h > 1
(now the short main axis points along the y direction), the sad-
dle fixpoint at nonzero yeq first remains. It becomes stable at
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Fig. 7 Lift force fy along the y direction at x = 0 plotted versus y
position for Re = 10 and a/w = 0.2. The different colors correspond
to different aspect ratios w/h. The inset shows the equilibrium
positions along the y axis plotted versus channel aspect ratio w/h.
The equilibrium positions are categorized as stable, saddle, and
unstable using also their stability with respect to the x direction.
an aspect ratio w/h≈ 1.33, when the fixpoint on the diagonal
vanishes. The situation is sketched in the right inset.
The basic features of the inertial lift force can be explained
by considering the unperturbed flow field. In particular, the
lift force depends on the curvature of the flow field6,11. Along
the long channel axis (y direction) we observe the flow ve-
locity shown in Fig. 2. As the channel hight h increases, the
flow profile in the center flattens considerably and the curva-
ture strongly increases. The differences in the flow profiles
for w/h = 1 and 0.75 are small, which corresponds to the
modest decrease in the strength of the lift force in Fig. 5. At
w/h = 0.5 the pronounced flattening of the flow profile sets
in which marks the occurence of the subcritical bifurcation
and the strong changes in the lift force profiles in Fig. 5. Fi-
nally, we note that the strength of the lift force in x-direction
also becomes weaker with decreasing aspect ratio w/h but the
overall characteristics of the profile (two fixpoints) remain the
same. Especially for aspect ratios w/h ≤ 0.5, the lift force in
x-direction does hardly change.
For many microfluidic applications, such as cytometry39 or
particle separation2, it is advantageous to ensure that parti-
cles are constrained to move in a plane so that they can easily
be monitored in the focal plane of a microscope. Here we
observe that as soon as the center position becomes a saddle
point, particles will not leave the center plane any more since
they always experience a force driving them back towards the
plane. In Fig. 8 we plot the necessary aspect ratio to constrain
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Fig. 8 Aspect ratio w/h2D at which the center becomes a saddle
fixpoint and the particles move in the center plane. w/h2D is plotted
versus Re for different particle sizes. The symbols are data points
from the simulations.
particles to the center plane. It becomes smaller with with de-
creasing particle size and Reynolds number. For the particle
sizes investigated here it is sufficient to choose w/h < 0.4 to
ensure that the system is effectively two-dimensional.
4 Axial control of lift forces
In their experiments Kim and Yoo apply an axial electric field
which slows down particles relativ to the Poiseuille flow18.
As a result, particles are pushed towards the center line. The
observed migration can be rationalized with the Saffman force
which is an inherent inertial force19. It acts perpendicular to a
shear flow when particles are slowed down or sped up relative
to the fluid flow. In their experiment Kim and Yoo considered
flow with channel Reynolds numbers Re ≈ 0.05 well below
unity. Our idea is to apply this concept to moderate Re and
manipulate the inertial lift force using the additional Saffman
force. We show that with the help of an axial control force, we
can modify the inertial lift force profile such that we can steer
a particle to almost any desired position on the x axis.
For a particle with radius a= 0.2w we observe without axial
control the cross sectional force profile shown in Fig. 9(a). As
discussed in the previous section we observe that a particle is
pushed towards the y= 0 plane where it stays confined. When
we apply an additional axial control force of fctl = 2.5ρν2,
the force profile changes drastically [Fig. 9(b)]. In particu-
lar, the stable equilibrium position at x/w≈ 0.46 vanishes and
the particle is focussed to the channel center regardless of its
initial position.
We consider in the following a channel with aspect ratio
w/h = 1/3 to ensure that the particle is confined to the y = 0
plane and focus on the lift force along the x direction. In Fig.
10 we plot intertial lift force profiles for several axial control
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Fig. 9 Lift force profile for a/w = 0.2,Re = 10,w/h = 1/3 without
axial control (a) and with axial control force fctl = 2.5ρν2 (b).
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Fig. 10 Inertial lift force plotted versus location x for different axial
control forces fctl for Re = 10 and a/w = 0.2.
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Fig. 11 Equilibrium position xeq plotted versus axial control force
fctl for different particle radii a/w. The inset shows the mimimum
control force f 0ctl needed to focus a particle to the channel center
plotted versus Re for different particle sizes.
forces fctl . For zero control force (green curve), the typical
lift force profile occurs with the unstable equilibrium position
at the center and the stable position half way between chan-
nel center and wall. When we apply the axial control force in
flow direction so that the particle is sped up relative to the flow
(negative fctl), the lift force increases and the stable equilib-
rium position is pushed further towards the channel wall. The
stable position moves closer to the center, when we slow down
the particle with a positive control force fctl acting aginst the
flow. The additional Saffman force decreases the lift force.
Ultimately both fixpoints merge and the particle position at
the center is stabilized when the inertial force profile becomes
completely negative. We also studied the change in the lift
force for fixed position x and found that it is nearly linear in
the applied control forces. From Fig. 10 we already sense that
the variation of the inertia lift force with the axial control force
is strongest close to the wall.
In Fig. 11 we plot the stable equilibrium position xeq versus
fctl for different particle sizes. Starting from its uncontrolled
value, the equilibrium position continuously shifts to zero as
the control force increases. A negative control forces moves
xeq towards the wall. In general, we observe that larger parti-
cles require larger control forces in order to move the equilib-
rium position. To analyze this effect further, we investigate the
minimum control force f 0ctl needed to steer a particle towards
the channel center for different Reynolds numbers and parti-
cle sizes in the inset of Fig. 11. We observe that f 0ctl strongly
increases both with particle size and Reynolds number. When
fitted to a power law, we obtain f 0ctl ∝ Re
1.02(a/w)2.60. This
indicates that we can easily exploit an axial control force for
particle sorting by size. For example, consider two particle
types with sizes a/w = 0.2 and a/w = 0.3. While the small
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Fig. 12 a) Schematic of the feedback control scheme. The axial
control force f0 is switched on, when the particle leaves the target
interval [−b,b| and switched off once the particle reaches the
centerline at x = 0. (b) Particle velocity in the target interval without
and under control. (c) Example of a particle trajectory. The
residence time on the centerline is determined by thermal
fluctuations.
particle is well focussed to the channel center with a control
force fctl = 3ρν2, the larger particle only changes its equilib-
rium position by about 10 %.
5 Feedback control
We have seen in the previous section, already a constant axial
control force allows to manipulate and sort particles of dif-
ferent types. In the following we demonstrate how a simple
feedback scheme adds additional control to the system and, in
particluar, increases particle throughput. We present results,
where we simulated particle motion using the Langevin dy-
namics described in Sec. 2.4.
We use a hysteretic control feedback scheme, which
switches from no control to constant control depending on the
lateral particle position with the goal to keep the particle close
to the channel center. In concrete, we choose a target inter-
val [−b,b] for the x position of the particle. We switch the
axial control force to a constant value f0, when the particle
is outside the target interval. The modified lift force profile
drives the particle back to the channel center and we switch
off the control force until the particle leaves the target interval
again. We sketch the resulting hysteretic control cycle for fctl
in Fig. 12(a), which either acts in the positive or negative x
direction. The applied control force not only changes the lift
force profile, but also the particle velocity along the channel
axis, as we demonstrate in Fig. 12(b). When the control is ac-
tive, the particle is slowed down compared to the uncontrolled
motion. Figure 12(c) shows an example of a particle trajec-
1–11 | 9
0.0 0.1 0.2 0.3 0.4 0.5 0.6
b/w
0.7
0.8
0.9
1.0
<
v
>
/u
0
vmax
veq
f0/ρν
2
2.5
3.5
4.5
Fig. 13 Mean particle velocity 〈v〉 in units of the maximum
Poiseuille flow speed u0 plotted versus target width b. Different
control forces f0 within the hysteretic feedback control scheme are
used. vmax is the particle speed on the centerline and veq the velocity
at the equilibrium position, when no control acts.
tory under the feedback scheme. The particle starts outside
the target interval [−b,b] and the lift force modifed by the ax-
ial control force pulls it towards the channel centerline. As the
particle reaches the centerline, control is switched off and the
particle is free to evolve. Since the centerline is an unstable
fixpoint, the particle can leave the target interval and control
is activated again.
Performing feedback control instead of using a permanently
applied control force has the advantage that the effect of con-
trol is reduced. In particular, feedback control gives an im-
proved particle throughput while keeping the particle close to
the centerline. In Fig. 13 we show the mean particle speed
(in units of the maximal flow speed u0) as a function of the
target width b for several control forces f0. For uncontrolled
motion, vmax is the particle speed on the centerline and veq
the velocity at the equilibrium position. When the target in-
terval contains the equilibrium position at x = 0.46, feedback
control is not active. The particle stays at the equilibrium po-
sition and moves with veq. However, for smaller target widths
feedback control sets in. We observe a mean particle veloc-
ity which is almost independent of the target width and the
applied control force f0. Only at b = 0, which means a per-
manently applied control force where the particle always stays
in the center, does the mean velocity decrease. So the particle
throughput is largest when feedback control is active.
6 Conclusion
Inertial microfluidics has proven to be particularly useful for
applications such as particle steering and sorting which are
important tasks in biomedical applications. In this paper we
provided further theoretical insights into inertial microfluidics
using lattice Boltzmann simulations. We put special emphasis
on controlling particle motion either by designing the channel
geometry or by applying an additional control force.
We first investigated the equilibrium positions in square and
rectangular channels using lift force profiles and categorized
them into stable, saddle, and unstable fixpoints. In square
channels the stable fixpoints either sit on the diagonals or the
main axis of the cross section. This depends on particle size
and Reynolds number and thereby offers the possibility to sort
particles of different size. For rectangular channels we illus-
trated bifurcation szenarios for fixpoints situated on the long
main axis. In particular, we showed that for sufficiently elon-
gated channel cross section particles are pushed into a plane.
Their dynamics becomes two-dimensional which simplifies
the monitoring and thereby control of particle motion in ex-
periments.
We then demonstrated how an additional axial control force
allows to tune the stable equilibrium position, which moves
towards the center with increasing force. Ultimately the sta-
ble position stays on the centerline when the force exceeds
a threshold value which we identified for different particle
sizes and Reynolds numbers. The strong dependence on these
parameters allows to separate particles by size. Finally, we
proposed a hysteretic feedback scheme using the axial con-
trol force to enhance particle throughput compared to the case
when the control force is constantly applied.
We plan to extend our work to investigate the collective
colloidal dynamics induced by hydrodynamic interactions be-
tween particles. Here additional axial order such as particle
trains develop40,41. Furthermore, it will be challenging to gen-
eralize our control methods to particle suspensions. The the-
oretical insights developed in this paper and future work on
the collective dynamics will help to generate novel ideas for
devices in biomedical applications based on inertial microflu-
idics.
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